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Chapter 67

Introduction to Laplace
transforms

Why it is important to understand: Introduction to Laplace transforms

The Laplace transform is a very powerful mathematical tool applied in various areas of engineering
and science. With the increasing complexity of engineering problems, Laplace transforms help in solving
complex problems with a very simple approach; the transform is an integral transform method which
is particularly useful in solving linear ordinary differential equations. It has very wide applications
in various areas of physics, electrical engineering, control engineering, optics, mathematics and signal
processing. This chapter just gets us started in understanding some standard Laplace transforms.

At the end of this chapter, you should be able to:

define a Laplace transform

recognise common notations used for the Laplace transform

derive Laplace transforms of elementary functions

use a standard list of Laplace transforms to determine the transform of common functions
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726  Higher Engineering Mathematics

67.1 Introduction

The solution of most electrical circuit problems can be
reduced ultimately to the solution of differential equa-
tions. The use of Laplace* transforms provides an
alternative method to those discussed in Chapters 49
to 54 for solving linear differential equations.

67.2 Definition ofaLaplace transform

The Laplace transform of the function £(¢) is defined
by the integral fooo e~5! £(t)dt, where s is a parameter
assumed to be a real number.

Common notations used for the Laplace
transform

There are various commonly used notations for the
Laplace transform of £(¢) and these include:

* Who was Laplace? Pierre-Simon, marquis de Laplace
(23 March 1749-5 March 1827) was a French mathemati-
cian and astronomer who formulated Laplace’s equation, and
pioneered the Laplace transform which appears in many
branches of mathematical physics. To find out more go to
www.routledge.com/cw/bird

®) L{ f(O)}or L{ £(6)}
() L(HorlLf
(iii) 7(s) or £(s)

Also, the letter p is sometimes used instead of s as
the parameter. The notation adopted in this book will
be f(¢) for the original function and L{ f(¢)} for its
Laplace transform.

Hence, from above:

CLE)) = /0 et dr (1)

67.3 Linearity property of the

Laplace transform

From equation (1),
Jee]
LUKF(D)) = / e Sk £(H)de
0
o
=k/ e SLF(p)de
0

ie. Lik £(0))=kL{L(t)} @)

where £ is any constant.

Similarly,
L{a (t) + bg(6)} :/ e *(a £(t) + bg(t))dt
0
= a/ooe_” f(r)de
0
+ b/ooe_“g(t)dt
0

ie. L{af(t)+ bg(H)} =aLl{ f(H}+bL{g(H)}, (3)
where a and b are any real constants.

The Laplace transform is termed a linear operator
because of the properties shown in equations (2) and (3).

67.4 Laplace transforms of

elementary functions

Using the definition of the Laplace transform in equa-
tion (1) a number of elementary functions may be
transformed. For example:
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(@ f(H=1. From equation (1),

00 e—st oo
E{l}:/ e‘“(l)dt:[ ]
0 =S o

1 1
= ——[e™®) ¥ = —~[0-1]
S S

1
=3 (provided s> 0)

(b) £() =k From equation (2),
L{k} = kL{1}

1 k
Hence L{k} = k(;) =5 from (a) above.

() f()=e? (where a is a real constant = 0).
From equation (1),

oo el
E{eat} — / e—Sl‘(eat) dt = / e—(s—a)[d[,
0 0

from the laws of indices,

e—(s—a)t © 1
- |:—(s—a):|0 - —(s—a)(o_l)

1

~ s—a
(provided (s — a) > 0,i.e. s> a)

(d) f(d=cosat (where a is a real constant).
From equation (1),

o0
E{cosat}:/ e Slcosatdt
0
e—st R
= | 53— (asinat — scosat)
s“+a 0

by integration by parts twice (see page 485),

e—s(oo)
= m(asin a(oo) — scos a(o0))

Q0
- m(asino - 50050)]

S - (provided s> 0)

TS+ a

(e) ()=t From equation (1),

oo t —st —st oo
L{t}=/ e‘”tdt:[ © —/e dt]
0 —S —S 0

r te—sr e—st ] oo

= 2,

by integration by parts

[ s0e—5(00)  g—s() 0
= — —lo==
—s 52 <2

1
:(0—0)—(0—5—2)

1
=2 (provided s> 0)

since (oo x 0)=0

() Ff(H=4¢" (where n=0,1,2,3,..).
By a similar method to (e) it may be shown

2 3)(2) 3!
that E{t2}=—3 and £{£} = ( )5 )=—4. These
s s s
results can be extended to 1 being any positive
integer.

|
Thus £{) = % provided s> 0)

(g) f(H)=sinhat. From Chapter 16,
sinhat= 3 (e?’ —e~4%). Hence,
L{sinhat} = L leat - le_‘"’
2 2

_ 1 aty _ 1 —at
—zﬁ{e } 2AC{e }

from equations (2) and (3)

[l

from (c) above

BRI
T 2|ls—a s+a

-1 (provided s> a)

s£—a2

A list of elementary standard Laplace transforms are
summarised in Table 67.1.

67.5 Worked problems on standard
Laplace transforms

Problem 1. Using a standard list of Laplace
transforms, determine the following:

(@ L [ 1+2¢— %f*] (b) £{5e* —3e7"}

S
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728 Higher Engineering Mathematics

Table 67.1 Elementary standard Laplace transforms

Function Laplace transforms

(0 LU F())= [P e F(ndt
@ 1 %
(i) & K
s
(i) e !
s—a
(iv) sinat 2 j =
(v) cosat 2 _’S_ =
(vi) ¢ slz
(vii) ¢ %
(viii) *(n=1,2,3,..)) SHH_-:-I
(ix) coshat 2 i "
(x) sinhat 2 i 2

(a) £|1+2t—ét4]

= L{1}+2L{t) — %L{t‘l}

from equations (2) and (3)

YRR
=st\g) 3\e

from (i), (vi) and (viii) of Table 67.1

1,2 104321
T s sz 3 s°
8
s

L2
s

@ | -

(b) L{5e* —3e !} =5L(e?) —3L{e 1}
from equations (2) and (3)

=5(siz)—3(s_i-1>)

from (iii) of Table 67.1

5 3

- s—2 s+1

_ 5(s+1)—3(s—2)

T (s=2)(s+1)
2s+11

T 2-s-2

Problem 2. Find the Laplace transforms of:
(a) 6sin3r—4cos5¢ (b) 2cosh26 — sinh 360

(@ L{6sin3r—4cos5t}

=6L{sin3¢} —4L{cosbt}

3 s
=6|———)-4|—=
(52+32) (52+52)
from (iv) and (v) of Table 67.1

_ 18 4s
T 24+9 2425

(b) L{2cosh20 —sinh 36}

= 2L{cosh 26} — L{sinh 30}

=2(s2i22)_(szisz)

from (ix) and (x) of Table 67.1

Problem 3. Prove that

2
(a) L{sinat} = f (b) L{}= 3

a2

s
(c) L{coshat}= 7

(a) From equation (1),
o0
L{sin at} =/ e Ssinardr
0

e~ St 00
= [ﬁ(—ssin at — acosat)]
s“+a 0

by integration by parts
1
¢+ al

—acosa(o)) — e%(—ssin0

[e=5(%) (—ssin a(o0)

—acos0)]
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1
= m[(o) —1(0-a)]
=5 -|a- — (provided 5> 0)

(b) From equation (1),

00
L{%} =/ e S dt
0

I:[Ze—sr 2te—St ze—s[]oo
0

—s s2 $3

by integration by parts twice

fo-s-0-o-0-3)]

2
=3 (provided s> 0)

(c) From equation (1),

1
L{coshat} =L I E(eat + e“’”)}
from Chapter 16
1
2

1
L{e?} + Eﬁ{e_‘"} from
equations (2) and (3)

BYERYYAE
_§<s—a)+§<s—(—a))

from (iii) of Table 67.1
1 |: 1 1 :|
== +
2|s—a s+a

1 [(s—l—a)—l—(s—a)]
T2 (s—a)s+a)

s .
=22 (provided s> a)

s

Problem 4. Determine the Laplace transforms of:
(a) sin?¢ (b) cosh?3x

(a) Since cos2¢=1—2sin® ¢ then

1
sin? t= E(l — cos2t). Hence,

Lisin®} =L [ %(1 - cosZt)}

1 1
= EL{l} — Eﬁ{cosZt}

_I(y ot s
T2\ 2 \s2+22

from (i) and (v) of Table 67.1

(s? +4) — ¢ 4
T 2s(s2+4)  2s(s2+4)
_ 2
s +4)

(b) Since coshIZX: 2cosh? x—1 then
cosh? x= 2 (14 cosh 2x) from Chapter 16.

1
Hence cosh? 3x= 7 (1+coshbx)

1
Thus £{cosh?3x} = £ [ E(l + cosh GX)]
= 1£{1}+ lﬁ{ h 6.x)
=5 > cosh 6x

(LY, (s
T2 \s 2 \s?2 —62

_2$8-36  £-18
~ 2s(s2—36)  s(s?—36)

Problem 5. Find the Laplace transform of
3sin(wt+a), where w and « are constants.

Using the compound angle formula for sin(A+ B),
from Chapter 19, sin(wt+a) may be expanded to
(sinwtcosa 4 coswtsina). Hence,

L{3sin (wt+a)}
= L{3(sinwtcosa + coswisina)}

= 3cosaL{sinwt} + 3sina L{coswt},
since « is a constant

3 @ + 3si s
=3cosa| —— sing| ———
s2 + w? s2 + w?

from (iv) and (v) of Table 67.1

3 .
= ———(wcosa+ ssina)

(L +w?)

Now try the following Practice Exercise

Practice Exercise 247 Introduction to
Laplace transforms (Answers on page 866)

Determine the Laplace transforms in Problems
1to9.

b
[ e
=
—
O
v
v
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1. () 2t—3(b) 52+4—3 6. (a) 2cos?t (b) 3sin?2x
5 2 2 ih2
2. (@ 2—t1—3t+2 (b) ;—5—2t4+§ 7. (a) cosh® ¢ (b) 2sinh? 20

, ) 8. 4sin(at+ b), where a and b are constants.
3. (a) 5e° (b) 272!

4. (a) 4sin3¢ (b) 3cos2s 9. 3cos(wt—a), where w and a are constants.
1 . S
5. (a) 7cosh2x (b) 3 sinh 3¢ 10. Show that L‘(cosz 3¢— sin? 3= 753

>
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e
o
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For fully worked solutions to each of the problems in Practice Exercise 247 in this chapter,
z go to the website:
Zenevs? www.routledge.com/cw/bird




Chapter 68

Properties of Laplace

transforms

Why it is important to understand: Properties of Laplace transforms

As stated in the preceding chapter, the Laplace transform is a widely used integral transform with many
applications in engineering, where it is used for analysis of linear time-invariant systems such as electrical
circuits, harmonic oscillators, optical devices, and mechanical systems. The Laplace transform is also a
valuable tool in solving differential equations, such as in electronic circuits, and in feedback control
systems, such as in stability and control of aircraft systems. This chapter considers further transforms
together with the Laplace transform of derivatives that are needed when solving differential equations.

At the end of this chapter, you should be able to:

derive the Laplace transform of e?‘f(¢)

derive the Laplace transforms of derivatives
state and use the initial and final value theorems

68.1 The Laplace transform of e? f(¢)

From Chapter 67, the definition of the Laplace transform
of f(¢)is:

L{ f(t)}:/ooe‘“ f(Hdt 1)
0
Thus L{e?'f(t)} = /ooe_“(e"“ £(6))dt
0

- / oo e~7 £(p)de )

0

(where a is a real constant)

use a standard list of Laplace transforms to determine transforms of the form e@!£(¢)

Hence the substitution of (s — a) for s in the transform
shown in equation (1) corresponds to the multiplication
of the original function £(¢) by e?". This is known as a
shift theorem.

68.2 Laplace transforms of the form

eatﬂt)

From equation (2), Laplace transforms of the form
e?‘f () may be deduced. For example:
i) Lle*e

nl
gntl

Since L{t"}=
page 728.

from (viii) of Table 67.1,

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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n!
then L{e® M= ——
{ } (s— a)n+1
above (provided s> a)

(i) L{esinwt)

Since L{sinwt} = % from (iv) of Table
s+ w

67.1, page 728.

then L{e#sinwf}= + from equa-
(s—a)* +w?

tion (2) (provided s> a)

(iii) L{e*coshwf

Since L{coshwt} = — > 5 from (ix) of Table

s —w

67.1, page 728.

then L{e#coshwt}= s—z
s—a)’ —w?
tion (2) (provided s> a)

A summary of Laplace transforms of the form

e’ f(¢) is shown in Table 68.1.

Problem 1. Determine (a) £{2¢%e%}
(b) L£{4e3 cos5¢)

(@) From (i) of Table 68.1,
ey =20ty =2 (— o
&= S (5_3)4+1

2HB3)(@2) 48
o (s=3)°  (s—3)°

Table 68.1 Laplace transforms of the form

el f ()
Function e?'£(¢) Laplace transform
(a is a real constant) L{e? f (1)}
n!
i) edlt" —
() —
[0}
o tos
(11) e?lsinwt m
s—a
iii) e?/coscwt —_—
() ® (s—a)’+a?
W
. tos
(IV) e?'sinhwt (S_a)—z_a)z
s—a

(V) e?! coshwt (S—a)—z—a)z

from equation (2)

from equa-

(b) From (iii) of Table 68.1,

L{4e% cos5t) = 4L{e3 cos5t}

s—3
24((5—3)2+52)

_ 4(s—3)

T 2 —6s+9+25
_ 4(s—3)

T 2 —6s+34

Problem 2. Determine (a) £{e~2'sin3¢}
(b) £{3e? cosh 46}

(@) From (ii) of Table 68.1,

3 3
—2t s _ _
Hesin3n) = (s—(=2))24+32  (s+2)24+9
3 3

TS24 45+4+9 sS+4s+13

(b) From (v) of Table 68.1,

9 _ 6 — M
L{3e” cosh40} = 3L{e” cosh 40} = G142
3(s—1) 3s—1)

T2 25s+1—16 s£—25—15

Problem 3. Determine the Laplace transforms of
(a) 5e=3¢sinh 2¢ (b) 2e3(4cos2t — 5sin2¢)

(@ From (iv) of Table 68.1,

L{5e3sinh2¢} = 5L{e 3 sinh 2¢}

2
=5(w—e%»@—#)

1010
T (s+3)2—22 s24+65+9—4
10
~ S2+6s+5

(b) L{2e3(4cos2t— 5sin2t)}

=8L{e% cos2t} — 10L{e> sin2¢}
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_ 8(s—3) 10(2)
T (s—3)2+422 (s—3)2+22

from (iii) and (ii) of Table 68.1

_8(s—3)—10(2) 85—
T (s—3)2+422 T $£—6s+13

Problem 4. Show that

L 3e_%xs'n2 = 18
X = @st 1)@ +4s+17)

2

1
Since cos2x=1—2sin’ x, sin’ x= E(l — cos2x)

Hence,
1
L [3e_2xsinle
1.1
=L [Se_ZXE(l - COSZX)]

1 1
- §£ [e_EX} — %E Ie_ZXCOSZX}

from (iii) of Table 67.1 (page 728) and (iii)
of Table 68.1 above,

L)
2(++1) 2[(s+;) +22]

3 6s+3
- B 1
2st1 4(52+5+Z+4)
3 6s+3

T 2541 42 tdst17
3(4s® + 454 17) — (6s+3)(2s+ 1)
- (2s+ 1)(4s2 + 4s+ 17)
1252 + 125 +51 — 1252 — 65— 65— 3
(2s+1)(4s2 +4s+1T7)
48
2s+1)(4s +4s+17)

Now try the following Practice Exercise

Practice Exercise 248 Laplace transforms
of the form e? f({) (Answers on page 867)

Determine the Laplace transforms of the following
functions:

1. (a) 2te?’ (b) f2e!
2. (a) 43e2 (b)%t4e_3t

3. (a) elcost (b) 3e?!sin2t

4. (a) 5e %‘cos3¢ (b) 4e 'sint

5. (a) 2e’sin®¢ (b) %e&cos2 t

6. (a)e’sinh¢ (b) 3e cosh4t

7. (a) 2e7‘sinh3¢ (b) ie_srcosh 2t

8. (a) 2e’(cos3t — 3sin31)
(b) 3e~%(sinh 2¢ — 2 cosh 2¢)

68.3 The Laplace transforms of
derivatives

(a) First derivative

Let the first derivative of £(¢f) be f'(¢) then, from
equation (1),

o0
L{ (6} =/ e S (6)de
0
From Chapter 45, when integrating by parts
do du
—dt=uv— [ v—dt
/udt uo /vd[
When evaluating [ e £ (1) dt,
do
let u=e"*"and — = £(¢
etu=¢e > an i 6]

from which,

du_

P —se 5" and v =/ ' (Hde= £(f)

S
[ ==
=
e
o
(<P}
v
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o
Hence/ e S F(t)dr
0

=[e™" f(0]; —/O.oo f(t)(se S dt

=[0— £(0)] + s/ooo e S F(0)dt

= — 1(0) + sC{ £(0)}

assuminge™* f(f) — Qast — oo,and £(0) isthe value
of £(¢) at t=0. Hence,

LLf(9)=sL{f(0}— £(0) ]
dy|_ 3)
or [,[dx}_s[,{y}—y(())
where y(0) is the value of y at x=0

(b) Second derivative

Let the second derivative of £(¢) be f”(¢), then from
equation (1),

>
[
=
-
o
(<P}
v

o0
L{ (1)} =/ e St f(r)dr
0
Integrating by parts gives:
o0 [o¢)
/ e S (de=[e* (0], + s/ e S (H)de
0 0

=[0— F(0)] +sL{ £ (1)}

assuming e~ %' /() — 0 as t - oo, and f'(0) is the
value of f'(t) at t=0. Hence
{"(t)} = — F(0) +sls(£()) — £(0)], from equa-

tion (3),
L{f'(0)
=s2L{ £(d)}) - sf(0) — £(0)
ie. o E{ gzxﬂ (4)

=s"L{y)—s(0) -y (0)
. dy
where y/(0) is the value of P at x=0

Equations (3) and (4) are important and are used in
the solution of differential equations (see Chapter 71)
and simultaneous differential equations (Chapter 72).

Problem 5. Use the Laplace transform of the first
derivative to derive:

k 2
@ Lk == () L{20 =

2

—aty __
(© Lle™) = ——

From equation (3), £{ ()} =sL{ f(£)}— £(0)
(@) Let f(£)=k then f'(f)=0and f(0)=k
Substituting into equation (3) gives:
L{0} = sL{k} — k

ie. k= sC{k)
k
Hence L{k}= 3
(b) Let f(t)=2tthen f'(f)=2and f(0)=0
Substituting into equation (3) gives:
L{2} =sL{2t} -0

2
ie. - =sL{2¢t}

s

Hence L{2f= é

(c) Let f(f)=e 3 then f'(f)=—ae 2 and f(0)=1

Substituting into equation (3) gives:

L{—ae ) = sL{e "} — 1

—alfe ) = sL{e ¥} —1
1=sL{e ) +alle?)
1= (s+a)L{e ™)

1
Hence L{e~ ) = —
s+a

Problem 6. Use the Laplace transform of the
second derivative to derive

L ty= ——
{cos at} P

From equation (4),
L{£7(6)) = 2 L{ £(0)} — s£(0) — £(0)

Let £(¢)= cosat, then f'(f) = —asinat and
f'(f) = —a’cosat, f(0)=1and ' (0)=0

Substituting into equation (4) gives:
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L{—a’cosat}=s*{cosat} —s(1) — 0

ie. —a’L{cosat)=s*L{cosat} — s
Hence s=(s®+ a%)L{cosat}
from which, L{cosat}= ﬁ

Now try the following Practice Exercise

Practice Exercise 249 Laplace transforms
of derivatives (Answers on page 867)

1. Derive the Laplace transform of the first
derivative from the definition of a Laplace
transform. Hence derive the transform

1
i) =+

2. Use the Laplace transform of the first deriva-

tive to derive the transforms:
1 6
@ L™= — b) LB} =
s—a s
3. Derive the Laplace transform of the second
derivative from the definition of a Laplace
transform. Hence derive the transform
L{sinat} = ——
{ } s% + a
4. Use the Laplace transform of the second
derivative to derive the transforms:

. _a
(a) L{sinhat} = )

(b) L{coshat} = 2;
2

68.4 The initial and final value

theorems

There are several Laplace transform theorems used to
simplify and interpret the solution of certain problems.
Two such theorems are the initial value theorem and the
final value theorem.

(a) The initial value theorem states:

limit [ £()]= limit [sC{ £()}]

For example, if £(¢)=23e*" then

3
s—4

£{364t} S

from (iii) of Table 67.1, page 728.

By the initial value theorem,

3
limit[3e*/] = limit [s( )]
t—0 S§—>00 s—4

3
i.e. 3e0 = _—
ie e 00(00_4)

i.e. 3=3, which illustrates the theorem.

Problem 7. Verify the initial value theorem for
the voltage function (542 cos 3¢) volts, and state its
initial value.

Let f()=542cos3t

2s

5
L{ f(£)} = L{5+ 2cos3t} = St s

from (ii) and (v) of Table 67.1, page 728.
By the initial value theorem,
limit[ £(¢)] = limit[sL{ F(6)}]
t—0 §—>00

5 2
i.e. limit[5 4 2 cos3¢ = limit |:5 (— + 2—5):|
t—0 5—00 s s¢4+9

o 252
:£1Ln<>lct>|:5+ 52—|—9]

2002
oo +9

i.e. 7=17, which verifies the theorem in this case.

=5+2

ie. 542(1)=5+

The initial value of the voltage is thus 7V

Problem 8. Verify the initial value theorem for
the function (2¢ — 3)? and state its initial value.

Let f(t) =@t—3)2=4£2—12t+9
Let L{ f()}=L4# —12t+9)

_4(2) 2 9
TS s2 s

from (vii), (vi) and (ii) of Table 67.1, page 728.

S
[ ==
=
e
o
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By the initial value theorem, ie. }imit [2+ 3e %'sin 41
— 00
o o 8 12 9 2 12
limit[(2¢ — 3)%] =limit | s ( = — — + — — limi T
il (2e 3 =timit 555 - 35+ 3 =t |3+ )|
.8 12
=lmit) Zz -5 9 ~limit| 2 4 ——25
8 12 - s—0 (5+2)2+16
. g2 _ o 1z
ie. 0=-3"=—"7-19 ie.240=240

ie.9=9 which verifies the theorem in this case i.e. 2=2, which verifies the theorem in this case.

The final value of the displacement is thus 2 cm.
The initial value of the given function is thus 9

The initial and final value theorems are used in pulse

(b) The final value theorem states: circuit applications where the response of the circuit
for small periods of time, or the behaviour immediately
limit [£()]= Limit [sC{£()}] after the §witch .is closed, are of int'erest..The? final value
~ t—00 s—=0 theorem is particularly useful in investigating the sta-
= bility of systems (such as in automatic aircraft-landing
b For example, if f(£)=23e~* then: systems) and is concerned with the steady state response
& 3 for large values of time ¢, i.e. after all transient effects

limit[3e~4/] =limit |:s ( )i| have died away.

t—00 s—0 s+4
3
Le. 3e7=(0) (O—l-_4) Now try the following Practice Exercise

i.e. 0=0, which illustrates the theorem.
Practice Exercise 250 Initial and final value

Problem 9. Verify the final value theorem for the theorems (Answers on page 867)
. —2f s .
(f;t}ncltlon @+ 3: sin 410 cSm, whlcg relpresegts the 1. State the initial value theorem. Verify the theo-
isplacement of a particle. State its final steady rem for the functions (a) 3— 4sin £ (b) (¢ — 4)2
value, and state their initial values.
Let f(£)=2+3e % sin4¢ 2. Verify the initial value theorem for the voltage
) functions: (a) 4 4+2cos ¢ (b) — cos3¢and state
L{ f(t)}=L{2+3e™*'sinds} their initial values.
2 3 4 3. State the final value theorem and state a prac-
s (s—(=2))2+42 tical application where it is of use. Verify the
2 12 theorem for the function 4 4+e~2!(sin £+ cos t)
s (s+ 2)2+16 representing a displacement and state its final
value.

from (i) of Table 67.1, page 728 and (i) of

Table 68.1 on page 732. 4. Verify the final value theorem for the function
By the final value theorem, 3t2e~1" and determine its steady state value.

limit[ /()] = limit[sL{ £(O}]

For fully worked solutions to each of the problems in Practice Exercises 248 to 250 in this chapter,
z go to the website:
Zepen® www.routledge.com/cw/bird




Chapter 69

Inverse Laplace transforms

Why it is important to understand: Inverse Laplace transforms

Laplace transforms and their inverses are a mathematical technique which allows us to solve differential
equations, by primarily using algebraic methods. This simplification in the solving of equations, coupled
with the ability to directly implement electrical components in their transformed form, makes the use of
Laplace transforms widespread in both electrical engineering and control systems engineering. Laplace
transforms have many further applications in mathematics, physics, optics, signal processing, and proba-
bility. This chapter specifically explains how the inverse Laplace transform is determined, which can also
involve the use of partial fractions. In addition, poles and zeros of transfer functions are briefly explained;
these are of importance in stability and control systems.

At the end of this chapter, you should be able to:

define the inverse Laplace transform

use a standard list to determine the inverse Laplace transforms of simple functions
determine inverse Laplace transforms using partial fractions

define a pole and a zero

determine poles and zeros for transfer functions, showing them on a pole—zero diagram

69.1 Definition of the inverse Laplace

69.2 Inverse Laplace transforms of
transform

simple functions

If the Laplace transform of a function f£(f) is F(s),
ie. L{ f(t)}= F(s), then £(f) is called the inverse
Laplace transform of F(s) and is written as
()= LY F(s)}

1 1
For example, since £{1} = — then c1 [; } =1
s

Similarly, since L{sinat} = then

a
52+ a2

a
c! [m] = sin at, and so on.

Tables of Laplace transforms, such as the tables in
Chapters 67 and 68 (see pages 728 and 732) may be
used to find inverse Laplace transforms.

However, for convenience, a summary of inverse
Laplace transforms is shown in Table 69.1.

Problem 1. Find the following inverse Laplace
transforms:

_ 1 _ 5
s s OE P

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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Table 69.1 Inverse Laplace transforms

Fl)=L{ f(0)}

0 - 1
W X k
(i) L e
s—a
(iv) SZ_'_LaZ sin at
) 2 _T_ 2 cosat
(vi) siz t
w5 2
(viii) % P
(ix) ﬁ sinh ar
) ﬁ cosh at
(i) # 2l
(xii) (s—a)% el sinwt
(xdi) (s—sa)_ﬁ e?l coswt
(xiv) (S_a+_w2 e?'sinh wt
(xv) (S_Sa)_—za_wz e coshwt
(@ From (iv) of Table 69.1,
L1 [ 2 i = ] =sinat,

1 1
-1 -1
Hence £ ’52+9]=‘ |W}
_§£ [52+32]

1
= Esin?yt

from (iii) of Table 69.1

Problem 2. Find the following inverse Laplace
transforms:

6 3
(@) £ 1[5—3] () £ 1[5—4]
(@) From (vii) of Table 69.1, £~} I 52—3}= £
Hence £~ [%] =3c—1[ ]
S

(b) From (viii) of Table 69.1, if s is to have a power

of 4 then n=3
!
Thus E‘l|%]=t3i.e.ﬁ_1[%}=t3
N N

3 1 6 1
12 _2p1 )2 _2
Hence L |s4} ZE [54} 213

Problem 3. Determine

1 7s 1 4s
@ £ [52+4](b)£ [52—16]

7
(a) E‘l[szj4}=7£‘1[52+;22]=7c0521

from (v) of Table 69.1

Q E_I[Szll_—slf;]ﬂﬁ_llszj@]

=4 cosh4t
from (x) of Table 69.1




Inverse Laplace transforms 739

Problem 4. Find

P

(@ From (ix) of Table 69.1,

3 2
J(MLI[@—mJ

a
L1 =sinhat

Thus

ezl = el

_ 3
|

)

st — (V1)?

3
— _sinh/7¢t
VT

(b) From (xi) of Table 69.1,

o] =

Thus £~ [( _a)n+1]

and comparing with £~
n=4and a=3

e,

(S—

Hence

38 ] shows that

—1 2 _ —1 1
£ I@—&J‘Jﬁ [w—&J

1 3t A
= e3¢
) 12°

_ 1 3t 4
Problem 5. Determine
3
-1
@ £ I52—45+13]
B 2(s+1)
b) L7 =
®) l52+25+10]
3 3
-1y o N_pr)_ S
@ £ [52—4s+13] ‘(5—2)2+32]

= e%'sin 3¢

from (xii) of Table 69.1

) 1[ 2(s+1) ]_ _1’ 2(s+1) ]
s24+2s+10 (s+1)2 432
=2e ‘cos3t

from (xiii) of Table 69.1

Problem 6. Determine

_1 5
@ £ [52—1—25—3]
) 45—3
®) £ [52—45—5}

-1 5 _ 1 5
@ £ [52+25—3}_£ (S+1)2—22]

5
5(2)
D [ —
Gt 1)2_22
5
= Ee_'sinth

from (xiv) of Table 69.1

4s—3
(s—2)2-32

4s—3
_ -1
52—45—5] £

[ 4s—2)+5
=t h&aﬂ—

(b) £} {

] 4s-2)
=f hyﬁﬁ—ﬁ

5

5
30
(s—2)2 — 32

+L—1[

= 4e2rcosh3t+ £

from (xv) of Table 69.1

5
—=4e%'cosh 3t + 3 e?!sinh 3¢

from (xiv) of Table 69.1

b
[ e
=
—
O
v
v
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Now try the following Practice Exercise

Practice Exercise 251 Inverse Laplace
transforms of simple functions (Answers on
page 867)

Determine the inverse Laplace transforms of the
following:

7 2
1. (@~ (b)
s s—b5
3 2s
22 2s+1 (b) s2+4
1 4
3 @ s2+25 ) s2+9
5s 6
L @z Og

5 0% 0y

6 @ )

T, o Ve
7. (@ 3521527 (b) (5_41)3
8. (a (5_:2)4 (b) (5_33)5
9. () 52:;;110 (b) 52+635+13
10. (a) 522—(56;?;)13 (b) 52_875+12
11. (a) 5215;5_5 (b) Ei;ﬁ%

69.3 Inverse Laplace transforms using

partial fractions

Sometimes the function whose inverse is required is not
recognisable as a standard type, such as those listed in
Table 69.1. In such cases it may be possible, by using
partial fractions, to resolve the function into simpler

fractions which may be inverted on sight. For example,
the function,

2s—3
F(s)= ——
() s(s—3)
cannot be inverted on sight from Table 69.1. However,
2s—3 1
by using partial fractions, 2570 2 + —— which

s(s—3) s s—3
may be inverted as 1 +e3! from (i) and (iii) of Table 67.1.
Partial fractions are discussed in Chapter 2, and a sum-
mary of the forms of partial fractions is given in Table 2.1
on page 16.

4s—5
Problem 7. Determine £! {S—]

s2—s—2

4s—5  4s—5 A B
2 s—2 G-26+D) -2 TG+D

_ A(s+1)+ B(s—2)
T (s=2)(s+1)
Hence 4s—5= A(s+1)+ B(s—2)
When s=2, 3=34, from which, A=1
When s=—1, —9=-3B, from which, B=3
4s—5 ]

Hence E_l { m

o] ]

—=e?'+3e™!, from (iii) of Table 69.1

[\

33+ s52+125+2

Problem8. Find . 1}——— "~~~

roblem ind £ [ G-3) Gt 1)? ]
33 +s2+12s+2
(s—3)(s+1)3

A B C D
s 3 s i T e T v e
A(s+ 13+ B(s —3)(s+ 1)? )
+C(s—=3)(s+1)+ D(s—3)
(s—3)(s+1)3

Hence
383+ 2+ 125+ 2= A(s+ 1)} + B(s — 3)(s + 1)?
+C(s—=3)(s+ 1)+ D(s—3)
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When s=3, 128=64A, from which, A=2
When s=—1, —12=-4D, from which, D=3
Equating s° terms gives: 3= A+ B from which, B=1
Equating constant terms gives:
2=A-3B-3C-3D
ie. 2=2-3-3C-9
from which, 3C=—-12and C=—4
Hence
. ‘353+52+125+2]
(s=3)(s+1)3

2 N 1 4 n 3
s=3 s+1 (s+1)?% (s+1)3

o]

3
=2e3+e ! —de 1+ ze_tt2
from (iii) and (xi) of Table 69.1

Problem 9. Determine
- ’ 5s24+8s—1 ]
(s+3)(s2+1)

5s2+8s—1 A L Bs+C
(s+3)(s2+1) s+3  (s2+1)

_ A+ D+ (Bs+O)(s+3)
o (s4+3)(s2+1)

Hence 55° +8s—1= A(s>+ 1)+ (Bs+ C)(s+3)
When s=-3,20=10A4, from which, A=2

Equating s terms gives: 5= A+ B, from which, B=3,
since A=2

Equating s terms gives: 8=3B+ C, from which,
C=-1, since B=3

552 +8s—1
H o= - -
ence (5+3)(2+1) ]
2 3s—1
=r! =
[s+3 T ]

2 3s
L1 L1
[5+3}+ [52+1]

1
1
[52+1]

=2e 3+ 3cost— sint

from (iii), (v) and (iv) of Table 69.1

75413
Problem 10. Find £~1} ————
roblem ind £ [5(52+4s+13)]
7s+13 _ A+ Bs+C
s(s24+4s5+13) s s24+4s5+13
_ A(S®+4s+13) + (Bs+ O)(s)

s(s2 +4s+13)

Hence 7s+13 = A(s® +4s+13)+ (Bs+ C)(s).
When s=0, 13=13 A4, from which, A=1

Equating s® terms gives: 0=A+ B, from which,
B=-1

Equating s terms gives: 7=4 A+ C, from which, C=3

Ts+13
Hence £ ] 577>
enee [ (s +4s+13) ]

1 —s+3 }

=My -7
{s+52+4s—|—13

1

1 +£_1 —5+3

! —_—
(s+2)2+32 ]

|
!
|

v,

—(5+2)+5

—1 RS
R Pt

[

s+2 |

o2t
(s+2)2+32

[
%

©» | =

1 5
+L [(s+2)2+32]

5
=1-e"%lcos3t+ §e‘“sin3t

from (i), (xiii) and (xii) of Table 69.1

Now try the following Practice Exercise

Practice Exercise 252 Inverse Laplace
transforms using partial fractions (Answers
on page 867)

Use partial fractions to find the inverse Laplace
transforms of the following functions:
11-3s
s2+2s5—3

b
[ e
=
—
O
v
v
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) 2s°—9s—35
o (s+D(s—2)(s+3)
: 552 —2s—19
" (s+3)(s—1)2
A 3s24+16s+15
' (s+3)3
g 752 +5s5+13
C O (s2+2)(s+1)
6 3+6s+4s2 —2s°
’ s2(s2+3)
7 26 — 52
T os(s2+4s5+13)

69.4 Poles and zeros

It was seen in the previous section that Laplace trans-
s

forms, in general, have the form f(s)= ?E—)) This is
s

the same form as most transfer functions for engineer-

ing systems, a transfer function being one that relates

the response at a given pair of terminals to a source or

stimulus at another pair of terminals.

Let a function in the s domain be given by:
PO
(s—a)(s—b)(s—o)

degree than the denominator.

where ¢(s) is of less

Poles: The values a, b, c, ...that makes the denomi-
nator zero, and hence £(s) infinite, are called
the system poles of £(s).

If there are no repeated factors, the poles are
simple poles.

If there are repeated factors, the poles are
multiple poles.

Zeros: Values of s that make the numerator ¢ (s) zero,
and hence f(s) zero, are called the system
zeros of £(s).

s—4
————— has simple poles at s=—1
(+1)(s—2) P p3
and s=+2, and a zero at s=4 (S—I—I;;_T—I-S) has a

simple pole at s=— 7 and double poles at s=—1, and

For example:

s+2
s(s=1)(s+4)(2s+1)

poles at s=0,+1, —4, and —5 and a zero at s=—2

azeroats= —3 and has simple

Pole-zero diagram

The poles and zeros of a function are values of complex
frequency s and can therefore be plotted on the complex
frequency or s-plane. The resulting plot is the pole-zero
diagram or pole-zero map. On the rectangular axes,
the real part is labelled the o-axis and the imaginary
part the jw-axis.

The location of a pole in the s-plane is denoted by a
cross (x) and the location of a zero by a small circle
(0). This is demonstrated in the following examples.
From the pole-zero diagram it may be determined that
the magnitude of the transfer function will be larger
when it is closer to the poles and smaller when it is
close to the zeros. This is important in understanding
what the system does at various frequencies and is cru-
cial in the study of stability and control theory in
general.

Problem 11. Determine for the transfer function:
400 (s+10)
R(s)=
()= 57 25) 2+ 10s 1 125)

(a) the zero and (b) the poles. Show the poles and
zero on a pole-zero diagram.

(@ For the numerator to be zero, (s+10)=0

Hence, s=—10 is a zero of R(s)

(b) For the denominator to be zero, s=0 or s=—25
or s +10s+125=0

Using the quadratic formula.

—10+/102—4(1)(125) —10=++/—400
2 - 2
—10+ 20
-~ 2
= (=5 /10)

Hence, poles occur at s=0, s=—25, (—5+10)
and (-5—410)

The pole-zero diagram is shown in Figure 69.1.
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Jo Jo
¥ ---10 X
|
|
: V4 D) 1 ! 1 D) 1
| Ny i U
: -4 -3 -2 - 0 1 2 3 o
| | :
A4 L L JanY I X .
N - -
-25 -20 -15 -—10 -5 0
|
i Figure 69.2
|
|
>:é———— ~j10 It is seen from these problems that poles and zeros are
always real or complex conjugate.
Figure 69.1 Now try the following Practice Exercise
b
. . =
Problem 12. Determine the poles and zeros for el Sl a i SLCILE LR =
(Answers on page 867) Ao
. (s+3)(s—2) 9]
the function: F(s)= 5 1. Determine for the transfer function: N
(s+4)(s=+25+2) 50 (s 4)
s
and plot them on a pole-zero map. (s)= 5(5+2)(s2—8s+25)

(a) the zero and (b) the poles. Show the poles

For the numerator to be zero, (s+3)=0and (s — 2) =0, il Zeies o golle e G g,

hence zeros occur at s=—3 and at s=+2 Poles occur 2. Determine the poles and zeros for the function:
when the denominator is zero, i.e. when (s+4) =0, i.e. (s—1)(s+2)
2 F(s)=
s=—4, and when s* +25+2=0 (s+3)(s®—25+5)
a pole-zero map.

and plot them on

_ —2+/22—4(1)2) -2+~ 3. Tor the function C(s)— S
ie. s= 5 _ . . For the function G(s) 1D 12515
determine the poles and zeros and show them
—2+ 2 on a pole-zero diagram.
=——=(1+jor(-1-) ,
2 4. Find the poles and zeros for the transfer func-
. S - S - .
The poles and zeros are shown on the pole-zero map of tion: H(s) = S(SZ——i—4) B
F(s) in Figure 69.2. the s-plane.
For fully worked solutions to each of the problems in Practice Exercises 251 to 253 in this chapter, °\N"‘\/l/,o
3] 2

go to the website:
www.routledge.com/cw/bird “Zenen




Chapter 70

The Laplace transform of the
Heaviside function

very useful for representing sudden change.

Why it is important to understand: The Laplace transform of the Heaviside function

The Heaviside unit step function is used in the mathematics of control theory and signal processing
to represent a signal that switches on at a specified time and stays switched on indefinitely. It is also
used in structural mechanics to describe different types of structural loads. The Heaviside function has
applications in engineering where periodic functions are represented. In many physical situations things
change suddenly; brakes are applied, a switch is thrown, collisions occur. The Heaviside unit function is

At the end of this chapter, you should be able to:

define the Heaviside unit step function

70.1 Heaviside unit step function

In engineering applications, functions are frequently
encountered whose values change abruptly at specified
values of time ¢. One common example is when a volt-
age is switched on or off in an electrical circuit at a
specified value of time ¢.

The switching process can be described mathemati-
cally by the function called the Unit Step Function —
otherwise known as the Heaviside unit step function.
Fig. 70.1 shows a function that maintains a zero value
for all values of ¢ up to ¢t = c and a value of 1 for all
values of ¢ > c. This is the Heaviside unit step function
and is denoted by:

fO=H({—¢ or u(t— o

use a standard list to determine the Laplace transform of H(¢— ¢)
use a standard list to determine the Laplace transform of H(¢— ¢)- (¢t — ¢)
determine the inverse transforms of Heaviside functions

Figure 70.1

where the ¢ indicates the value of ¢ at which the func-

tion changes from a value of zero to a value of unity
(i.e. 1).

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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It follows that £(f) = H(t— 5) is as shown in Fig. 70.2
and f() =3H(t— 4) is as shown in Fig. 70.3.

(1)
T
f(t)y=H(t-5
) 5 FH
Figure 70.2
A
V,ZZ::\;
f(t)y=3 H(t—4)
4 1 nmmEy
Figure 70.3

If the unit step occurs at the origin, then ¢=0 and
f(t) = H(t—0), i.e. H(# as shown in Fig. 70.4.

HA(t)

R

Figure 70.4

Fig. 70.5(a) shows a graph of £(f) = ?; the graph
shown in Fig. 70.5(b) is f() =H(t—2) - £
where for <2, H(t— 2)t2 =0 and when ¢>2,
H(t—2)-t* = 2. The function H(t—2) suppresses
the function ¢ for all values of ¢ up to ¢ = 2 and then
‘switches on’ the function % at ¢ = 2.

A common situation in an electrical circuit is for a
voltage I/ to be applied at a particular time, say, ¢ = a,

f(t) &

il

®

Piss:

Figure 70.5

and removed later, say at t=b. Such a situation is
written using step functions as:

V(¢)= H(t— a) — H(¢— b)

For example, Fig. 70.6 shows the function £(f) = H(t—
2) — H(t—5)

HEHA(L)

Figure 70.6

Representing the Heaviside unit step function is further
explored in the following worked problems.

Problem 1. A 12 V source is switched on at time
t = 3 s. Sketch the waveform and write the function
in terms of the Heaviside step function.

S
[ ==
2
e
| ]
(<D}
v
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The function is shown sketched in Fig. 70.7. A
v() e
(volts) Easmass)
12
) Y- t
Figure 70.9
) 3 ts)
H % H A function 5H(¢— 2) has a maximum value of 5 and
starts when ¢ = 2, as shown in Fig. 70.9.
Figure 70.7

The Heaviside step function is:

V(d=12H(t—3)

Problem 2. Write the function

Problem 4. Sketch the graph of
f(t)= H(t—r/3).sint

Fig. 70.10(a) shows a graph of f(¢) =sin¢; the graph
shown in Fig. 70.10(b) is £f() = H(t— n/3) - sin t where
the graph of sin ¢ does not ‘switch on’ until t = 7 /3

1 forO<t<a
V(t) - [0 fort> a Ezzzf([)j
in terms of the Heaviside step function and sketch ! et
the waveform. =S
The voltage has a value of 1 up until time ¢ = a; then it 2 3 sEst
— T L AT
is turned off. 2 2
The function is shown sketched in Fig. 70.8.
el
a) i
Frv(t) ) T
e (D) HH
jasasses 1 HH
e 1 f(t) = H(t- % sin t
( k== ) 37 fpunng funnnn
312 2 B
) a l} mmmay e 1
i b)f
Figure 70.8 Figure 70.10

The Heaviside step function is:

V() =H() — H(t—a)
Problem 3. Sketch the graphof f(¢) =5H(t—2)

A function H(¢— 2) has a maximum value of 1 and

starts when ¢ = 2.

Problem 5. Sketch the graph of
f(t) =2H(t—2r/3) -sin(t — = /6)

Fig. 70.11(a) shows a graph of £(¢) = 2sin(¢ — x /6);
the graph shown in Fig. 70.11(b) is

f(D=2H(t— 2mr/3) - sin(t —x /6)
where the graph of 2sin(z — 7 /6) does not ‘switch on’
until t =27/3
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80 A
) FE : :
fll)=23|n (t—g i
6 2
e N A 0.5
f(t)= H(t—1).e7t
TR
iEEeddd ‘HIHHHZW” H
0 2 3 4 tHHH
S
( T e oW H At
23 2 i
11 S
L 9 i :
o €
Figure 70.11 ERaEAaanan ’::””””"”’""’””””””” 7777 Easamassasamms g
Problem 6. Sketch the graphs of 05
(@) f(6)=H(t—1).e! T
(b) F()=[H(t—1)— H(t—3)].e”* f(t)=[H(t—1)-H(t-3)].e™ =
Fig. 70.12(a) shows a graph of f(r) =e~! =
0 3 Vi toi
(@ The graph shown in Fig. 70.12(b) is P ‘3}3 i i B i 3
f()=H(t—1)-e" ! where the graph of e’ O 5 5 H 5 3

does not ‘switch on’ until ¢ = 1.

(b) Fig. 70.12(c) shows the graph  of
f()=[H(t— 1) — H(¢t— 3)] - e~ ! where the graph
of e~ ! does not ‘switch on’ until =1, but then
‘switches off” at t = 3.

Figure 70.12 (Continued)

Now try the following Practice Exercise

Practise Exercise 254 Heaviside unit step

A function (Answers on page 867)

,,,,,,,,31,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 1. A 6V source is switched on at time ¢t =4 s.
Write the function in terms of the Heaviside
step function and sketch the waveform.

++0.75

\ . : |2 for0<t<5

: 2. Write the function V(¢) = io fort~ 5

0.5 fit)=e in terms of the Heaviside step function and
sketch the waveform.

022 In problems 3 to 12, sketch graphs of the given
functions.

0 , , 3 : thi 3. f(n=H(t-2)
@) | | | | i
@ : : : : 1 4. ()= H(®
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6. £()=TH(t—5)

7. f()= H(t— %) -cost

8. f(f)= 3H(t— %) -Cos(t— %)

9. f(H=H(t-1)-£
10. f()=H(t—2) ez
11. () =[H(t—2)— H(t—5)]-e" 7

12. £ = 5H(t— %) -sin (r+ %)

70.2 Laplace transform of H(t— c)

From the definition of a Laplace transform,
o0
L{H(t—0)}) = / e S'H(t—c)dt
0

0 forO<t<c

H r,e SLH(t—¢) =
owever, e (t—o e for¢>c

o0
Hence,L{H(t—C)}z/ e SLH(t—c)dt
0
S I
R —-s |, —s —s

—SC —SC
- [0 _¢ ] _°
—s s
When ¢=0 (ie. a unit step at the origin),
e® 1

LUHO) = —— =

e—CS

Summarising, L{H(#)} = é and L{H(t— o)} =

From the definition of H(¢): £L{1} = {1 H(f)}
L{tt = {t- H(®)}
and LU}y = {(£(6)- H(D)

70.3 Laplace transform of
H(it— o) -f(t— ¢

It may be shown that:
L{H(t—¢)-f(t— o)}=e " “L{f(D)}=e “F(s)
where F(s) = L{ f(£)}

This is demonstrated in the following worked problems.
Problem 7. Determine £{4 H(¢t— 5)}

From above, L{H(t— ¢) - f(t — ¢)} = e~ S F(s) where
in this case, F(s) = L{4} and c=5

4
Hence, L{4H(t—5)}=eS (—) from (i) of
s
Table 67.1, page 728
4e°%

s

Problem 8. Determine L{H(t —3) - (t — 3)?}

From above, L{H(t— ¢) - f(t — ¢)} = e~ S F(s) where

in this case, F(s) = £{t*}and c=3

Note that F(s) is the transform of ¢ and not of (¢ — 3)2
2!

Hence, L{H(t—23)- f(t—3)%} =e35 (—3) from
s

(vii) of Table 67.1, page 728

2e3s

TS

Problem 9. Determine L{H(t— 2).sin(t — 2)}

From above, L{H(t— ¢) - f(t — ¢)} = e~ “S F(s) where
in this case, F(s) = L{sint} and c= 2

1
Hence, L{H(t—2) -sin(t—2)}=e 25 (52—1——12)
from (iv) of Table 67.1, page 728
e—Zs
T2+l

Problem 10. Determine
L{H(t—1)-sind(t—1)}

From above, L{H(t— ¢)- f(t — ¢)} = e~ F(s) where
in this case, F(s) = L{sin4¢} and c=1

. _ 4
Hence, L{H(t— 1)sm4(t— 1)}=e S(Sz—l——42)
from (iv) of Table 67.1, page 728

_ fe*
T $2+16

Problem 11. Determine £{H(t—3)-e!~3}

From above, L{H(t— ¢) - f(t— ¢)} = e~ “° F(s) where
in this case, F(s) = L{e‘}and c=3
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1
Hence, C{H(t—3) -e! 3} = 3% (—1) from (iii) of
Table 67.1, page 728
e—3s

s—1

Problem 12. Determine
E{H(t— %) -cos3 (t— %)}

From above, L{H(t— ¢) - f(t— ¢)} = e~ “° F(s) where
in this case, F(s) = L{cos3t} and c =

Hence, £ { (¢~ %) cos3 1 _%)} _

e 7S ( u ) from (v) of Table 67.1, page 728

|y

52432
3
se"z°%

T 2419

Now try the following Practice Exercise

Practise Exercise 255 Laplace transform of
H(t - o - f(t - c (Answers on page 869)

1. Determine L{H(t— 1)}

2. Determine L{7 H(t — 3)}

3. Determine L{H(t—2)- (t —2)?}

4. Determine L{H(t— 3) -sin(t — 3)}
5. Determine £{H(t—4)-e'=%}
Determine L{ H(t—5) -sin3(t— 5)}
Determine L{H(t— 1) - (t — 1)}

© N o

Determine L{ H(t — 6) - cos3(¢ — 6)}
9. Determine £{5H(t—5) -sinh2(t — 5)}
. /a T
10. Determine L‘{H(t — E) - cos2 (t— §)}
11. Determine £{2 H(t —3)-e!~3}
12. Determine L{3H(t— 2) - cosh(t— 2)}

70.4 Inverse Laplace transforms of
Heaviside functions

In the previous section it was stated that:
L{H(t—c¢). f(t— o)} = e “ F(s)where F(s)=L{ f(¢)}

Written in reverse, this becomes:
if F(s) = L{f(1)}, then e “*F(s) = L{H(t— ¢) - f(t— ¢)}
This is known as the second shift theorem and is

used when finding inverse Laplace transforms, as
demonstrated in the following worked problems.

3 —2s
Problem 13. Determine £ [ € ]

N

—CS

Part of the numerator corresponds to e~ “* where ¢ = 2

This indicates H(¢— 2)
3

Then — = F(s)=L{3} from (ii) of Table 67.1,
s

page 728
3 —2s
Hence, £ { ¢ } —3H(t—2)
e—35
Problem 14. Determine the inverse of )

—CS

The numerator corresponds to e~ “* where ¢ = 3. This

indicates H(t— 3)

1
S—2=F(5)=L‘{t} from (vi) of Table 67.1,
page 728

—3s

s

Then £7! ‘ ] =H(t-3)-(t-3)

8 —4s
Problem 15. Determine £~} °
s2+4

Part of the numerator corresponds to e~ “* where ¢ = 4.
This indicates H(t—4)

2
may be written as: 4 ( )

s 44 s2 422
2
Then 4 (m) = F(s) = L{4sin2¢} from (iv) of
Table 67.1, page 728
8e—4s
Hence, £~ 71 =H(t—4) -4sin2(t—4)

— 4H(t—4) -sin 2(¢t— 4)

S
[ ==
=
e
o
(<P}
v



>
[
=
-
o
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v
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5 —2s
Problem 16. Determine £ [ 5 ]

249

c

Part of the numerator corresponds to e~ “* where ¢ = 2.

This indicates H(t— 2)

5 be written as: 5 ( ——
749 may be written as: 5 | — ey
Then S(WS?) = F(s) = L{5cos3¢} from (v) of
Table 67.1, page 728
5*—25
Hence, £7! =H(t—2)-5cos3(t—2
[ I——

=5H(t—2) - cos 3(t—2)

7 —-3s
Problem 17. Determine £~} [ Ze I ]
& —

c

Part of the numerator corresponds to e~ “* where ¢ = 3.

This indicates H(t— 3)

7 1
7.1 may be written as: 7 (m)

Then 7 (2—12) = F(s) = L{7sinh¢} from (x) of
2 _
Table 67.1, page 728
7e—35
Hence, £~ Z 1~ H(t— 3) - Tsinh(t— 3)

=TH(t— 3) - sinh(t—3)

Now try the following Practice Exercise

Practise Exercise 256 Inverse Laplace
transformer of Heaviside functions (Answers
on page 870)

—9s
1. Determine £} ¢
S
4 —3s
2. Determine £~} ¢
S
2 —2s
3. Determine £} € 5
S
—2s
4. Determine £~} 5e_
s241
3 —4s
5. Determine £~! 525—(:——16]
6 —2s
6. Determine £~} Ze_]
sé—1
3 —bs
7. Determine £~} e3 }
s
2se¥s
8. Determine £71{ ——
etermine 716 ]

1

2 — 58
9. Determine £} se
245

4 —Ts
10. Determine £! [ € ]
s—1

For fully worked solutions to each of the problems in Practice Exercises 254 to 256 in this chapter,
go to the website:
www.routledge.com/cw/bird



Chapter 71

The solution of differential
equations using Laplace
transforms

Why it is important to understand: The solution of differential equations using Laplace transforms

Laplace transforms and their inverses are a mathematical technique which allows us to solve differential
equations, by primarily using algebraic methods. This simplification in the solving of equations, coupled
with the ability to directly implement electrical components in their transformed form, makes the use
of Laplace transforms widespread in both electrical engineering and control systems engineering. The
procedures explained in previous chapters are used in this chapter which demonstrates how differential
equations are solved using Laplace transforms.

At the end of this chapter, you should be able to:

¢ understand the procedure to solve differential equations using Laplace transforms
¢ solve differential equations using Laplace transforms

) for the Laplace transforms of derivatives
71.1 Introduction (i.e. equations (3) and (4) of Chapter 68) and,
where necessary, using a list of standard Laplace
transforms, such as Tables 67.1 and 68.1 on
pages 728 and 732.

An alternative method of solving differential equations
to that used in Chapters 49 to 54 is possible by using
Laplace transforms.

(i) Put in the given initial conditions, i.e. y(0)

and y/(0).

71.2 Procedure to solve differential

equations by using Laplace (iii) Rearrange the equation to make £{y} the subject.
transforms (iv) Determine y by using, where necessary, partial
fractions, and taking the inverse of each term by

(i) Take the Laplace transform of both sides of the using Table 69.1 on page 738.

differential equation by applying the formulae

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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A B
= +
71.3 Worked problems on solving 2s—1  s+3
differential equations using
Laplace transforms _ AG+3)+B@s—1)

(2s—1)(s+3)

Problem 1. Use Laplace transforms to solve the Hence 8s5+38= A(s+3)+ B(2s—1)
differential equation 1 1
d v . When s=—, 42=3- A, from which, A=12
d 4 5 —3y=0, given that when x=0, 2 2
When s=—-3, 14=—7 B, from which, B=-2
y=4and — )
dx 85+ 38
H =L
ey =7 |52

This is the same problem as Problem 1 of Chapter 53,
page 554 and a comparison of methods can be made. = [ 12 2 ]

Using the above procedure:

=4 2s—1 s+3
=
-9 2
s dey
o @) z.c[ ]+5£’ ] 3L{y}=L{0} =L 12 —L—I[ 2 ]
% 7o) R
/ 1
2[s*L{y} — sy(0) — ¥ (0)] +5[sL{y} Hence y= 6e2*—2e™3*, from (iii) of
—y(0)] - 3L{y}=0, Table 69.1.
from equations (3) and (4) of Chapter 68. Problem 2. Use Laplace transforms to solve the

differential equation:
(ii) y(0)=4and y(0)=9

d2
P +6— +13y=0, given that when x=0, y=3
Thus 2[s>L{y} —4s—9] + 5[sL{y} — 4] dy
and —= =7
—3L{y}=0 dx
ie. 252£{y} —8s—18+5sL{y} —
3LI =0 This is the same as Problem 3 of Chapter 53, page 555.
—3Lin= Using the above procedure:
(iii) Rearranging gives: dx
(i) Eid 2|+6£[ |+13£{y} L£{0}

(25 +55—3)L{y}=8s+38
Hence  [s°L{y} — sy(0) — y/(0)]

. 8s+38
from equations (3) and (4) of Chapter 68.
) y—r-! 8s+38
W= 22 5s-3 (i) y(0)=3and y'(0)=7
Thus s°L{y}—3s—T+6sL
8s+38 85438 us S dsm T4 stz

2s24+55—3  (2s—1)(s+3) —18+13L{y} =
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(iii) Rearranging gives: ) y=r-1 | - 9 3)]
se(s—
2
s°+6s+13)L{y} =3s+25
( U 9 A B C

ie. L= 58 Ps-3) s 2 s-3
s +6s+13
A(s)(s— 3)+ B(s—3) + Cs?
. 3s+25 52(5—3)
1
) y=L" 52+65+13]

{ Hence 9 = A(s)(s—3)+ B(s—3) + Cs®
1 3s+25 o , .
=L When s=0,9=—-3B, from which, B=-3
(s+3)2+22
When s=3,9=9C, from which, C=1

Equating s? terms gives: 0= A+ C, from which,
A=—1, since C=1. Hence,

3(s+3) a9 | _ o3 1
(s+3)2+22] £ [52(5—3)]_£ [s 52+s—3]
1 [ 8(2) ] = —1—3x+ €%, from (i),
(s+3)2+22

L= 1

3(s+3)+16
(s+3)2+22]

-1

b
[ e
=
—
O
v
v

(vi) and (iii) of Table 69.1.

-3t

=3e 3 cos2¢+ 8e 3 sin2¢, from (xiii)

ie y=e3¥—3x—1

and (xii) of Table 69.1
Problem 4. Use Laplace transforms to solve the

Hence y=e~3/(3 cos 2148 sin 21) differential equation:
dy _dy 2
Problem 3. Use Laplace transforms to solve the s +10y=e“*+ 20, given that when
differential equation: X Q 0 dy 1
dz d xX=U, y: and —_—===
S ol =9, given that when x=0, y=0 and dx 3
dx?2 ~dx
d_y = Using the procedure:
dx oy ay
) L C +10L{y}=L{e** +20
This is the same problem as Problem 2 of Chapter 54, 0 l dx? ] [ dx ] =4t }

age 562. Using the procedure:
pas gHep Hence [s“L{y} — sy(0) — ¥/ (0)] — T[sL{y}

. d*y dy
(0 E[d 2] 35[(1,(]:5{9} — Y (O)] +10L{y} = %+?

Hence [Szﬁ{}’} - S}’(O) - }’/(0)] (11) }/(0) =0 and }/(0) — _l
3

9
=3[sL{y} - y(0)] = S

Hence szﬁ{y} -0-— (—l) —T7sL{y}+0
(i) y(0)=0and y'(0)=0 3

9 21s—40
2 _ i 1 =
Hence s*L(y) ~35L() = - =y
(iii) Rearranging gives: - ds—d0 1
2 (i) (s>—Ts+10)L{y}= s6-2) 3
(s —3s;£{y}= 3 . ~ 3(21s—40) —s(s — 2)
ie. Liy}= B (s =2)

s(s2 —3s) _ s2(s—3)
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_ —s*+655—120
N 3s(s—2)

—s2+655—120
3s(s —2)(s2 —7s+10)

Hence L{y}=

1] —s*4+655—120
3 [5(5—2)(5— 2)(5—5)}

3| s(s—5)(s—2)2

1., ‘ —52+655—120]

™) =35 6o 627

1 [—52+655—120:|

—s2 +655—120
s(s—5)(s—2)2

+ +

é B C . D
s s—=5 s§=2 (s—2)

A(s —5)(s — 2)> + B(s)(s — 2)?
+C(s)(s—5)(s—2)+ D(s)(s —5)
s(s —5)(s—2)2

Hence
—s? +65s—120
=A(s—5)(s—2)* + B(s)(s — 2)?
+ C(s)(s—=5)(s—2)+ D(s)(s—5)
When s=0,—120= — 20 A4, from which, A=6
When s=5,180=455, from which, B=4
When s=2,6=—6D, from which, D=-1

Equating s> terms gives: 0= A+ B+ C, from
which, C=-10

1 —s%4+655—120
H e S L R
enees l S(5—5)(s—2)2 ]

1., [6 4 10 1
:—L‘l[—+ - ]

3 s s—5 s—2 (s—2)?
1
=§[6+4e5"—10e2"—xe2"]

4 10
Thus y=2+ 3 edx — 3 ex— gez"

Problem 5. The current flowing in an electrical
circuit is given by the differential equation

Ri+ L(di/df)= E, where E, L and R are
constants. Use Laplace transforms to solve the
equation for current 7 given that when =0,
i=0

Using the procedure:
(i) L{R}+L [Lg—lt] =L{E}
ie. RL{}+ L[sL{i}—i(0)] =

(i) 7(0)=0, hence RL{i}+ LsL{i}=

cn|h“1 o &

(iii) Rearranging gives:

(R+ Ls)L{i} = g

E

_ A(R+ Ls)+ Bs
~ s(R+Ls)

Hence E=A(R+ Ls)+ Bs
When s=0, F= AR,

from which, =—

When S=——, E:B(—E)

from which, B=-——

E
-1
Hence £ I—S(R+ Is) ]

E/R+—EL/R
s R+ Ls

E EL
Rs R(R+ Ls)

E (1 E 1
—r 1=z =2 —
=L R(s) R| R

z+5
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E |1 1 d?y _dy m 2
:Eﬁ ;—ﬁ 6. Frie a—i—y=3e",glveny(0)=—§and
s+ — 1
L }/(0)=4§
g E(1-¥)
ence current i=—|(1—e 2 d
R 7. %—3d—}/—4y=351nx, given y(0)=0

X X
and ¥ (0) =0

Now try the following Practice Exercise

d’y dy : .

. . . . . 8. ——5+ = —2y=3cos3x—11sin3x, given

Practice Exercise 257  Solving differential dx=  dx

equations using Laplace transforms y(0)=0 and ¥ (0)=6

(Answers on page 870)

. . o dy dy .
1. A first-order differential equation involving 9. 2 +2y=3e*cos2x, given
current 7 in a series K—L circuit is given by: o oK _
di . E . _ y(0)=2and y'(0)=5 w
— +5i=— and /=0 at time t=0 —
de 2 10. The free oscillations of a lightly damped S
Use Laplace transforms to solve for i elastic system are given by the equation: v
when (@) E=20 (b)) E=40e % and ) A
(c) E=50sin5¢ doy 22’ 5u—0
az Tra s

In Problems 2 to 9, use Laplace transforms to solve

the given differential equations. where y is the displacement from the equi-

librium position. If when time t=0, y=2

d? d dy . .
2.9 _{ — 24 1 16y=0, given y(0)=3 and and S 0, determine an expression for the
}/%) —3 4 displacement.
d?x 11. Solve, using Laplace transforms, Problems 4
3. a7z +100x=0, given x(0)=2 and to 9 of Exercise 203, page 556 and Problems
,([0) 0 1 to 5 of Exercise 204, page 558.
X =
d?i i ) _ 12. Solve, using Laplace transforms, Problems
4. a2 + 1000&*‘250 0007/=0, given 3 to 6 of Exercise 205, page 563, Problems
i(0)=0 and 7 (0) =100 5 and 6 of Exercise 206, page 565, Prob-
2 d lems 4 and 7 of Exercise 207, page 567
5. S +6- +8x=0. given x(0)=4 and and Problems 5 and 6 of Exercise 208,
569.
X (0) —8 page
For fully worked solutions to each of the problems in Practice Exercise 257 in this chapter, °VN’"\/I/,O
go to the website: 3 z

www.routledge.com/cw/bird Zegenv©



Chapter 72

The solution of simultaneous
differential equations using
Laplace transforms

transforms

Why it is important to understand: The solution of simultaneous differential equations using Laplace

As stated in previous chapters, Laplace transforms have many applications in mathematics, physics,
optics, electrical engineering, control engineering, signal processing, and probability and Laplace trans-
forms and their inverses are a mathematical technique which allows us to solve differential equations,
by primarily using algebraic methods. Specifically, this chapter explains the procedure for solving
simultaneous differential equations; this requires all of the knowledge gained in the preceding chapters.

At the end of this chapter, you should be able to:

¢ understand the procedure to solve simultaneous differential equations using Laplace transforms
e solve simultaneous differential equations using Laplace transforms

72.1 Introduction

It is sometimes necessary to solve simultaneous differ-
ential equations. An example occurs when two electrical
circuits are coupled magnetically where the equations
relating the two currents 71 and 72 are typically:
di dip
Li—+M—+Rih=E
Uy ar 111 1

dip dij
Lo— +M—+ Ryip =0
2 T + ar + K1

where L represents inductance, K resistance, A/ mutual
inductance and E the p.d. applied to one of the circuits.

72.2 Procedure to solve simultaneous

differential equations using
Laplace transforms

() Take the Laplace transform of both sides of each
simultaneous equation by applying the formu-
lae for the Laplace transforms of derivatives (i.e.
equations (3) and (4) of Chapter 68, page 734) and

Higher Engineering Mathematics. 978-0-415-66282-6, © 2014 John Bird. Published by Taylor & Francis. All rights reserved.
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using a list of standard Laplace transforms, as in
Table 67.1, page 728 and Table 68.1, page 732.

(ii) Putin the initial conditions, i.e. x(0), y(0), x’(0),
Y (0)

(iii) Solve the simultaneous equations for £{y} and
L{x} by the normal algebraic method.

(iv) Determine y and x by using, where necessary,

partial fractions, and taking the inverse of each
term.

72.3 Worked problems on solving
simultaneous differential

equations by using Laplace
transforms

Problem 1. Solve the following pair of
simultaneous differential equations

dy

= =1

ar T

dx

—_—— 4e! =0
P v+ 4de

given that at t=0, x=0and y=0

Using the above procedure:

() LF!]+aﬂ=LU} 0
d¢
dx ‘

Equation (1) becomes:
1
[sL{y} — y(O)] + L{x} = S (1)

from equation (3), page 734 and Table 67.1,
page 728.

Equation (2) becomes:

4
[sC{x} — x(0)] — L{y} = — 2

(i) x(0)=0and y(0)=0 hence

Equation (1) becomes:

1
sCit+ Lix} =< (1)

and equation (2) becomes:

4
sCix} =Ly =—-"—7

-1
4 1"
or —L{y} + sL{x} = ) 2"
1 x equation (1”) and s x equation (2") gives:
1
sC{y}+ L{x} = 3 ©)
4
SSL L = )
Adding equations (3) and (4) gives:
1 4
(4 DL =~ - —
s s—1
_(s—=1)—s(4s)
T s(s—1)
_ —4st+s—1
Tos(s—1)
—4s2+s—1

from which, L{x} = )

s(s—1)(s2+1)
Using partial fractions

42+ s—1 A B Cs+ D

G-DE+) - s Te-n T
( A(s = 1)(s> +1) + Bs(s> + 1) )

+(Cs+ D)s(s—1)
s(s—1)(s2+1)

Hence
4% +s—1=A(s—1)(s* + 1)+ Bs(s* + 1)
+ (Cs+ D)ys(s—1)
When s=0, —1=—A hence A=1
When s=1, —4=2B hence B=-2
Equating s coefficients:
0=A+ B+ C hence C=1
(since A=1and B=-2)

Equating s? coefficients:

—4=—A+D—C hence D=-2
(since A=1and C=1)

b
[ e
=
—
O
(<P}
v



>
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=
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—4s2 +s5—1
thee H = @
12 s-2
s (s—=1) (s2+1)
(iv) Hence
P l_ 2 s—2
x=r [s @—n+@M4J

1 2 s

—pr-1]-_ _
B [s (s—l)+(sz+1) (s+1)

ie. x=1-—2e'+cost—2sint,

|

from Table 69.1, page 738

From the second equation given in the question,

dx
—_—— 4el =0
T y+4e

from which,

=—+4¢
y dt+e

d
= &(1 —2e'+cost—2sint) +4e’

=—2ef—sint—2cost+4el
ie. y=2e'—sint—2cost

[Alternatively, to determine y,
equations (1”) and (2")]

Problem 2. Solve the following pair of
simultaneous differential equations

dx _dy
3——-5—+2x=6
@ a T
dy dx _

dt dr

given that at t=0, x=8 and y=3
Using the above procedure:

(i) %]_ [Q] _
i 35[(“ 50 o [ T2L =L(6)

dx
de de

chQ]—cL—]—aﬂ=cv4}

to

Equation (1) becomes:
3[sLix} — x(0)] = 5[sL{y} — y(0)]

+ 2L{x} = 6

from equation (3), page 734, and Table ;7.1,
page 728.
ie. 3sC{x}—3x(0)—5sL{y}

+ 5y(0) 4 2L{x} = g
ie. (3s+2)L{x}—3x(0) —5sL{y}

o= W
Equation (2) becomes:

2[sLiy} = y(0)] = [sL{x} — x(0)]
—Liy}= —é

from equation (3), page 734, and Table 67.1,
page 728,

ie. 2sL{y}—2y(0) — sL{x}
1
+x(0) = LIy} =~
ie. 2s—DL{y}—2y(0)—sL{x}

0= @)

x(0)=8 and y(0)=3, hence equation (1)
becomes

(3s+2)L{x} — 3(8) — 5sL{y)
15@)=2 (1)
s
and equation (2') becomes
(25— 1)L1y) — 263) - sLix)

1
+8=—(2)
N

ie. (3s+2)L{x}—5sL{y}= g +9 1"
@s+2)L{x} — 5sL{y}
— § +9 (1///)
s

—sL{x}+@2s—1)L{y}

1
—_ __ _ 2 (2///)
N
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(iii) sx equation (1") and (3s + 2) x equation (2”)
gives:

s(3s+2)L{x} —55°L{yl = s (g + 9) 3)

—s(3s+2)L{x} + Bs+2)(2s— 1) L{y}

=(3s+2) (—é - z) 4)
ie. s(3s+2)L{x}—55°L{y})=6+9s (3
—5(3s+2)L{x} + (65 + 5 — 2)L{y}
— 6s—2_7 @)
S

Adding equations (3') and (4') gives:

2
(52+S—2)£{y}=—1+3s—;

_ —s+ 3s2 -2
N s
. 3s2—s—2
from which, L{y}= m
Using partial fractions
352 —s—2
s(s? +s—2)
A B C

=5 6%2 T 6oD
A +2)(s—=1)+ Bs(s— 1)+ Cs(s +2)
- s(s+2)(s—1)

ie. 3% —s—2=A(s+2)(s—1)
+ Bs(s—1)+ Cs(s+2)
When s=0, —2=—-2A4, hence A=1

When s=1,0=3C, hence C=0
When s=-2,12=6B, hence B=2

32 —s—2 1 2

Thes L= o= =5 T 6+2)

. 1 2
(iv) Hence y=L"" [——i——] =1+42e7%
s 542

Returning to equations (A) to determine L{x} and
hence x:

(2s — 1) x equation (1) and 5s x (2") gives:

(2s—1)@s+2)L{x} —5s(2s—1)L{y}

=@2s—1) (g +9) )

and —s(5s)L{x}+5s(2s—1)L{y}

_ 55(_§ - z) ©)

ie. (6s°+s—2)L{x}—5s(2s—1)L{y}

6
=12+18s—;—9 (%)

and —55°L{x}+5s(2s— 1)L{y}
=-5—10s (6")

Adding equations (5') and (6) gives:
) 6
(s“+s—2)L{x}=—-2+8s——
s

_ —25+8s°—6

N

8s —25s—6

from which, L{x}= s(s2+s5—2)
_ 8s2 —25—6

T s(s+2)(s—1)

Using partial fractions
8s? —25—6
s(s+2)(s—=1)

A B C
=5 6+2 T G6-D

_A(s+2)(s—1)+ Bs(s— 1)+ Cs(s+2)
N s(s+2)(s—1)

ie. 852 —25s—6=A(s+2)(s—1)
+ Bs(s— 1)+ Cs(s+2)

b
[ e
=
—
O
v
v
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[
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When s=0,—6=—-24, hence A=3
When s=1,0=3C, hence C=0

When s=-2,30=68, hence B=5
8s2—25s—6 3 5

Thus L{x} = = -
U LN = TG s 61 2)
Hence X:£_1I§+L} =3+5e"%¢
s s+2

Therefore the solutions of the given simultaneous dif-
ferential equations are

t -2t

y=1 +2e7%" and x=3+5e

(These solutions may be checked by substituting the
expressions for x and y into the original equations.)

Problem 3. Solve the following pair of
simultaneous differential equations

d%x

3

d
given that at =0, x=2, y=—1, )

q d¢
d_,

d
an m

Using the procedure:

0 [2Lix}—sx(0) = X(O)] - Lix} = L{y} (1)

[s“L{y} — sy(0) — Y O] + L{y} = —L{x} (2)
from equation (4), page 734

(i) x(0)=2, y(0)=—1, x¥'(0)=0and y'(0)=0
hence s?L{x}—2s— L{x}=L{y} (1)
LY+ s+ L{y) = —L{x) 2)
(iti) Rearranging gives:

(= DLix)— Liy)=2s 3)

L{x}+ (L +DL{y}=—s 0)

Equation (3) x (s*+1) and equation (4)x 1
gives:

(s + 1)(s? = DL{x} — (s> + D L{y}
=(s*+12s (5

Lix}+ (P + DLy} =—s 6)
Adding equations (5) and (6) gives:
(2 +1)(s> =) +1]L{x}=(s*+1)2s—s
ie. s'L{x}=25"+s=5025>+1)

s2s'+1) 25" +1

from which, L{x}= 1 3
S S

2t 1 2 1
s s s 88

2 1
Hence X:E_I[—+—3]

s s

1
=2+4+-F
ie X +2

Returning to equations (3) and (4) to deter-
mine y:

1 x equation (3) and (s®— 1) x equation (4) gives:

(s> = DL{x} — L{y} =25 (7)

(s> = D) L{x) + (s> = D)(s* + D) L{y)
=—s(s*=1) (8
Equation (7) —equation (8) gives:
[-1— (s = D(s* + DIL()

=2s+ s(s2 -1
ie. —s4£{y} =+
and Liy) = SB_?:—%—S%
from which, y:L',_1 I—é—s—lg]
ie. y= —1—%
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Now try the following Practice Exercise
2
3 d—; +2x=y
Practice Exercise 258 Solving simultaneous dr
differential equations using Laplace d2y
transforms (Answers on page 870) FYl +2y=x
Solve the following pairs of simultaneous differ- dx
ential equations: given thatat t=0, x=4, y=2, Frin 0
dx dy
1. 2— 4+ 2L —=5¢f
dt + dt € and d—y =0
de  “de
given that when t=0, x=0and y=0
d d
2. Z—y—y—i—x—l——X—Ssint:O
de de e
dy dx =
3— — 2——e'=0 =
a TV =
<]
A
given that at t=0, x=0 and y=0
For fully worked solutions to each of the problems in Practice Exercise 258 in this chapter, °QN’AII/,O
go to the website: Q z
www.routledge.com/cw/bird Lepas?




Section K

Revision Test 19 Laplace transforms

This Revision Test covers the material contained in Chapters 67 to 72. The marks for each question are shown in
brackets at the end of each question.

1.

Find the Laplace transforms of the following
functions:

(@ 265 —4t+5 (b) 3e % —4sin2¢
(c) 3cosh2¢ d) 2¢%e3¢
(e) 5e*’cos3t  (f) 2e3'sinh4¢ (16)

Find the inverse Laplace transforms of the follow-
ing functions:

5 12
b) -2

2s5+1 ) sd

4s 5
249 @) s2—9

3 s—4
(s+2)4 ®

8

R 17
s2—4s+3 17)

Use partial fractions to determine the following:
5s—1
L=
@ 52 —s—2 ]

() £7!

252 +11s—9

s(s—=1)(s+3)
13— 52

s(s? +4s+13)

(24)

(© £

Determine the poles and zeros for the transfer func-
) (s+2)(s—3)
tion: F(s)=

(s+3)(s®+2s+5)
a pole-zero diagram. (10

and plot them on

Sketch the graphs of (a) f(f)=4H(t—?3)
(b) £(¢) =3[H(t—2)— H(t—9)] ()

Determine (a) £{H(t—2).e!7?%}
(b) L{5H(t—1).sin(t — 1)} (6)

3e=%s 3se75s
. -1 -1
Determine (a) £ [ 2 ] (b) £ { 711

)

In a galvanometer the deflection 6 satisfies the
differential equation:

d’0 , do

— +2—+6=4

TR
Use Laplace transforms to solve the equation for 8

do

given that when r=0,0=0 and a:O (13)
Solve the following pair of simultaneous differen-
tial equations:

dx
3—=3 2
Qo oxr

d
2 &Y

3x=6
dt+X )4

given that when =0, x=1and y=3 (20)

For lecturers/instructors/teachers, fully worked solutions to each of the problems in Revision Test 19,
together with a full marking scheme, are available at the website:
www.routledge.com/cw/bird




